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RESIDUE CURRENTS CONSTRUCTED FROM
RESOLUTIONS OF MONOMIAL IDEALS
ELIZABETH WULCAN
Abstrat. Given a free resolution of an ideal J of holomorphi
funtions, one an onstrut a vetor-valued residue urrent R,
whose annihilator is preisely J . In this paper we ompute R in
ase J is a monomial ideal and the resolution is a ellular resolution
in the sense of Bayer and Sturmfels. A desription of R is given in
terms of the underlying polyhedral ell omplex and it is related
to irreduible deompositions of J .
1. Introdution
The duality priniple for residue urrents, due to Dikenstein and
Sessa, [12℄, and Passare, [19℄, asserts that a omplete intersetion ideal
of holomorphi funtions an be represented as the annihilator ideal of
a so-alled Cole-Herrera urrent, [11℄. It has been widely used, for
example to obtain eetive solutions to division problems, [8℄, and ex-
pliit versions of the Ehrenpreis-Palamodov fundamental priniple, [9℄,
see also [7℄. In [2℄ we generalized the duality priniple to general ideals
of holomorphi funtions by onstruting, from a free resolution of an
ideal J , a vetor-valued residue urrent R, whose annihilator ideal is
preisely J . This was used to extend several results previously known
for omplete intersetions. Also, these urrents have reently been used
by Andersson and Samuelsson, [4℄, to obtain new results for ∂¯-equations
on singular varieties.
The degree of expliitness of the urrent R of ourse diretly de-
pends on the degree of expliitness of the free resolution. In ase J
is a omplete intersetion the Koszul omplex is exat and the orre-
sponding urrent is the lassial Cole-Herrera urrent, ompare to [20℄
and [1℄. In general, though, expliit resolutions are hard to nd. In
this paper we will fous on monomial ideals, for whih there has re-
ently been a lot of work done, see for example the book [17℄ and the
referenes mentioned therein. We ompute residue urrents assoiated
with so-alled ellular resolutions, whih were introdued by Bayer and
Sturmfels in [5℄, and whih an be niely enoded into polyhedral ell
omplexes. Our main result, Theorem 5.3, is a omplete desription of
the residue urrent of a so-alled generi monomial ideal.
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Beause of their simpliity and nie ombinatorial desription mono-
mial ideals serve as a good toy model for illustrating general ideas and
results in ommutative algebra and algebrai geometry, see [24℄ for ex-
amples, whih make them a natural rst example to onsider. In [26℄
residue urrents of Bohner-Martinelli type, in the sense of [20℄, were
omputed for monomial ideals, and in [2℄ and [27℄, there are presented
some expliit omputations of residue urrents of ertain simple mono-
mial ideals that are not omplete intersetions. Also, many results for
general ideals an be proved by speializing to monomial ideals. In fat,
reall that the existene of Bohner-Martinelli type residue urrents as
well as the residue urrents in [2℄ is proved by reduing to a monomial
situation by resolving singularities.
We start by onsidering Artinian, that is, zero-dimensional, mono-
mial ideals in Setion 3. Residue urrents assoiated with general
monomial ideals are omputed essentially by reduing to this simpler
ase. A priori, the residue urrent R assoiated with a ellular resolu-
tion of an Artinian monomial ideal has one entry Rτ for eah (n− 1)-
dimensional fae τ of the underlying polyhedral ell omplex. The main
tehnial result in this paper, Proposition 3.1, asserts that eah Rτ is
a ertain nie Cole-Herrera urrent:
c ∂¯
[ 1
zα11
]
∧ . . . ∧ ∂¯
[ 1
zαnn
]
,
where α = (α1, . . . , αn) an be read o from the ell omplex and c is a
onstant. In partiular, if c 6= 0 the ideal of funtions annihilating Rτ ,
annRτ , is (z
α1
1 , . . . , z
αn
n ). A monomial ideal of this form, where the
generators are powers of variables, is alled irreduible. One an show
that every monomial ideal an be written as a nite intersetion of ir-
reduible ideals; this is alled an irreduible deomposition of the ideal.
Note that an irreduible ideal is primary so an irreduible deomposi-
tion of a monomial ideal is a renement of a primary deomposition.
Sine one has to annihilate all entries Rτ to annihilate R,
⋂
annRτ
yields an irreduible deomposition of the ideal annR, whih by the
duality priniple equals J , and so the (nonvanishing) entries of R an
be seen to orrespond to omponents in an irreduible deomposition.
In partiular, the number of nonvanishing entries are bounded from
below by the minimal number of omponents in an irreduible deom-
position.
In general, we an not extrat enough information from our om-
putations to determine whih entries Rτ that are nonvanishing. Still,
for most monomial ideals we an; if the monomial ideal J is generi,
whih means that the exponents in the set of minimal generators satisfy
a ertain generiity ondition (see Setion 2 for a preise denition),
then Theorem 3.3 states that Rτ is nonvanishing preisely when τ is
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a faet of the Sarf omplex introdued by Bayer, Peeva and Sturm-
fels, [6℄. In partiular, if the underlying ell omplex is the Sarf om-
plex, then all entries of R are nonvanishing. The ellular resolution so
obtained is in fat a minimal resolution of the generi ideal J . The-
orem 3.5 asserts that whenever the ellular resolution is minimal, the
orresponding residue urrent has only nonvanishing entries. Also, the
number of entries is equal to the minimal number of omponents in an
irreduible deomposition.
In Setion 5 we extend the results for Artinian monomial ideals to
general monomial ideals. The basi idea is to deompose the residue
urrent into simpler parts, whih an be omputed essentially as in
the Artinian ase. In [3℄ it was shown that the residue urrent R
onstruted from a free resolution of the ideal J an be naturally de-
omposed with respet to the set of assoiated prime ideals of J , AssJ ;
(1.1) R =
∑
p∈AssJ
Rp,
where Rp has support on the variety V (p) of p and has the so-alled
standard extension property (SEP) with respet to V (p), whih basi-
ally means that it is determined by what it is generially on V (p).
Moreover, eah annRp is p-primary, and it turns out that to annihi-
late R one has to annihilate all the urrents Rp and so
(1.2) J = annR =
⋂
p∈AssJ
annRp
gives a minimal primary deomposition of J . Now, the simpler ur-
rents Rp assoiated with a monomial ideal M an be omputed by
reduing to the Artinian ase, using ideas from [26℄. The result is a
vetor of ertain simple urrents that in partiular have irreduible an-
nihilator ideals and that orrespond to the p-primary omponents in
an irreduible deomposition of M . Our main result, Theorem 5.3 is
a omplete desription of the residue urrent assoiated with a generi
monomial ideal M , generalizing Theorem 3.3. In partiular, we get a
deomposition of R, whih is a renement of (1.1) and whih orre-
sponds to an irreduible deomposition of M .
The tehnial ore of this paper is the proof of Proposition 3.1, whih
oupies Setion 4. It is inspired by [26℄, where similar results were ob-
tained for urrents of Bohner-Martinelli type orresponding to the
Koszul omplex. When onsidering general ellular resolutions the
omputations get more involved though; in partiular, they involve
nding inverses of all mappings in the resolution. As in [26℄, the proof
amounts to omputing urrents in a ertain tori variety onstruted
from the generators of the ideal, using ideas from [7℄ and [20℄.
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2. Preliminaries and bakground
Let us start by briey realling the onstrution of residue urrents
in [2℄. Consider an arbitrary omplex of Hermitian holomorphi vetor
bundles over a omplex manifold Ω,
(2.1) 0→ EN
fN−→ . . .
f3
−→ E2
f2
−→ E1
f1
−→ E0,
that is exat outside an analyti variety Z of positive odimension, and
suppose that the rank of E0 is 1. In Ω\Z, let σk be the minimal inverse
of fk, with respet to some Hermitian metri, let σ = σ0 + . . . + σN ,
u = σ(I − ∂¯σ)−1 = σ+ σ(∂¯σ) +σ(∂¯σ)2+ . . ., and let R be the analyti
ontinuation of ∂¯|F |2λ∧u to λ = 0, where F is any tuple of holomorphi
funtions that vanishes on Z. It turns out that R is a well dened
urrent taking values in End(E), where E = ⊕kEk, whih has support
on Z, and whih in a ertain way measures the lak of exatness of
the assoiated omplex of loally free sheaves of O-modules O(Ek) of
holomorphi setions of Ek,
(2.2) 0→ O(EN )
fN−→ · · ·
f2
−→ O(E1)
f1
−→ O(E0).
In partiular, if J is the ideal sheaf Im (O(E1) → O(E0)) and ϕ ∈
O(E0) fullls that the (E-valued) urrent Rϕ = 0, then loally ϕ ∈ J .
Moreover, letting Rℓk denote the omponent of R that takes values
in Hom (Eℓ, Ek) and R
ℓ =
∑
k R
ℓ
k, it turns out that R
ℓ = 0 for ℓ ≥ 1 is
equivalent to that (2.2) is exat, in other words that it is a resolution
of O(E0)/J , see Theorem 3.1 in [2℄. We then write Rk = R
0
k without
any risk of onfusion. In this ase, Rϕ = 0 preisely when ϕ ∈ J .
Let us ontinue with the onstrution of ellular omplexes from [5℄.
Let S be the polynomial ring C[z1, . . . , zn] and let degm denote the
multidegree of a monomial m in S. When nothing else is mentioned
we will assume that monomials and ideals are in S.
Next, a polyhedral ell omplex X is a nite olletion of onvex
polytopes (in a real vetor spae Rd for some d), the faes of X , that
fullls that if τ ∈ X and τ ′ is a fae of τ (for the denition of a fae of a
polytope, see for example [28℄), then τ ′ ∈ X , and moreover if τ and τ ′
are in X , then τ ∩ τ ′ is a fae of both τ and τ ′. The dimension of a
fae τ , dim τ , is dened as the dimension of its ane hull (in Rd) and
the dimension of X , dimX , is dened as maxτ∈X dim τ . Let Xk denote
the set of faes of X of dimension (k − 1) (X0 should be interpreted
as {∅}). Faes of dimension 0 are alled verties. We will frequently
identify τ ∈ X with its set of verties. Maximal faes (with respet
to inlusion) are alled faets. A fae τ is a simplex if the number of
verties, |τ |, is equal to dim τ+1. If all faes of X are simplies, we say
that X is a simpliial omplex. A polyhedral ell omplex X ′ ⊂ X is
said to be a subomplex ofX . Moreover, we say thatX is labeled if there
is monomial mi in S assoiated to eah vertex i. An arbitrary fae τ
of X is then labeled by the least ommon multiple of the labels of the
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verties of τ , that is mτ = lm{mi|i ∈ τ}; m∅ should be interpreted
as 1. Let ατ denote deg (mτ ) ∈ N
n
. By N we mean 0, 1, 2, . . .. We
will sometimes be sloppy and not dier between the faes of a labeled
omplex and their labels.
Now, let M be a monomial ideal in S with minimal generators
{m1, . . . , mr} (reall that the set of minimal generators of a monomial
ideal is unique). Throughout this paper M will be supposed to be of
this form if nothing else is mentioned. Moreover, let X be a polyhedral
ell omplex with verties {1, . . . , r} endowed with some orientation
and labeled by {mi}. We will assoiate with X a graded omplex of
free S-modules: for k = 0, . . . , dimX + 1, let Ak be the free S-module
with basis {eτ}τ∈Xk and let the dierential fk : Ak → Ak−1 be dened
by
(2.3) fk : eτ 7→
∑
faets τ ′⊂τ
sgn (τ ′, τ)
mτ
mτ ′
eτ ′ ,
where the sign sgn (τ ′, τ) (= ±1) omes from the orientation on X .
Note that mτ/mτ ′ is a monomial. The omplex
FX : 0 −→ AdimX+1
fdimX+1
−→ · · ·
f2
−→ A1
f1
−→ A0
is the ellular omplex supported on X , whih was introdued in [5℄.
It is exat if the labeled omplex X satises a ertain ayliity ondi-
tion. More preisely, for β ∈ Nn let Xβ denote the subomplex of X
onsisting of all faes τ for whih ατ ≤ β with respet to the usual
ordering in Zn. Then FX is exat if and only if Xβ is ayli, whih
means that it is empty or has zero redued homology, for all β ∈ Nn,
see Proposition 4.5 in [17℄. We then say that FX is a ellular resolution
of S/M .
In partiular, if X is the (r − 1)-simplex this ondition is satised
and we obtain the lassial Taylor resolution, introdued by Diana
Taylor, [23℄. Note that if M is a omplete intersetion, then the Taylor
resolution oinides with the Koszul omplex. If X is an arbitrary
simpliial omplex, FX is the more general Taylor omplex, introdued
in [6℄. Observe that if X is simpliial the orientation omes impliitly
from the ordering on the verties.
Reall that a graded free resolution · · · −→ Ak
fk−→ Ak−1 −→ · · · is
minimal if and only if for eah k, fk maps a basis of Ak to a minimal
set of generators of Im fk, see for example Corollary 1.5 in [14℄. The
Taylor omplex FX is a minimal resolution if and only if it is exat and
for all τ ∈ X , the monomialsmτ and mτ\i are dierent, see Lemma 6.4
in [17℄.
Now, to put the ellular resolutions into the ontext of [2℄, let us
onsider the vetor bundle omplex of the form (2.1), where Ek for
k = 0, . . . , N = dimX + 1 is a trivial bundle over Cn of rank |Xk|,
endowed with the trivial metri, and with a global frame {eτ}τ∈Xk , and
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where the dierential is given by (2.3). Alternatively, we an regard fk
as a setion of E∗k ⊗ Ek−1, that is,
fk =
∑
τ∈Xk
∑
faets τ ′⊂τ
sgn (τ ′, τ)
mτ
mτ ′
e∗τ ⊗ eτ ′ .
We will say that the orresponding residue urrent R is assoiated
with X , and we will use Rτ to denote the oeient of eτ⊗e
∗
∅. It is well
known that the indued sheaf omplex (2.2) is exat if and only if FX
is. For example it an be seen from the Buhsbaum-Eisenbud theorem,
Theorem 20.9 in [13℄, and residue alulus - the proof of Theorem 3.1
in [2℄.
Observe that the elements in S (holomorphi polynomials) an be
regarded as holomorphi setions of E0. In this paper, by the annihi-
lator ideal of a urrent T , annT , we will mean the ideal in S whih
onsists of the elements ϕ ∈ S for whih Rϕ = 0.
For b = (b1, . . . , bn) ∈ N
n
we will use the notation mb for the irre-
duible ideal (zb11 , . . . , z
bn
n ). If M = ∩
q
i=1m
bi
, for some bi ∈ Nn, is an
irreduible deomposition of the monomial ideal M , suh that no in-
tersetand an be omitted the deomposition is said to be irredundant,
and the ideals mb
i
are then alled the irreduible omponents of M .
One an prove that eah monomial ideal M in S has a unique irredun-
dant irreduible deomposition. Giving the irreduible omponents is
in a way dual to giving the generators of the ideal (see Chapter 5
on Alexander duality in [17℄), and the uniqueness of the irredundant
irreduible deomposition orresponds to the uniqueness of the set of
minimal generators of a monomial ideal. This duality will be illustrated
in Example 1.
We will be partiularly interested in so-alled generi monomial ideals.
A monomial m′ ∈ S stritly divides another monomial m if m′ di-
vides m/zi for all variables zi dividing m. We say that a monomial
ideal M is generi if whenever two distint minimal generators mi
and mj have the same positive degree in some variable, then there
exists a third generator mk that stritly divides the least ommon mul-
tiple of mi and mj. In partiular M is generi if no two generators
have the same positive degree in any variable. Almost all monomial
ideals are generi in the sense that those whih fail to be generi lie on
nitely many hyperplanes in the matrix spae of exponents, see [6℄.
We will use the notation ∂¯[1/f ] for the analyti ontinuation of
∂¯|f |2λ/f to λ = 0, and analogously by [1/f ] we will mean |f |2λ/f |λ=0,
that is, just the prinipal value of 1/f . By iterated integration by parts
we have that
(2.4)
∫
z
∂¯
[ 1
zp
]
∧ ϕdz =
2πi
(p− 1)!
∂p−1
∂zp−1
ϕ(0).
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In partiular, the annihilator of ∂¯[1/zp] is (zp). We will use the fat
that
(2.5) vλ|z|2λ
1
za
∣∣∣∣
λ=0
=
[
1
za
]
and ∂¯(vλ|z|2λ)
1
za
∣∣∣∣
λ=0
= ∂¯
[
1
za
]
,
if v = v(z) is a stritly positive smooth funtion; ompare to Lemma
2.1 in [1℄.
3. Artinian monomial ideals
We are now ready to present our results onerning residue ur-
rents R assoiated with ellular omplexes of Artinian monomial ideals.
We are interested in the omponentR0, whih takes values inHom (E0, E).
In fat, when (2.2) is exat R = R0. From Proposition 2.2 in [2℄ we
know that ifM is Artinian, then R0 = R0n, where R
0
n is a Hom (E0, En)-
valued urrent. Thus, a priori we know that R0 onsists of one entry
Rτ eτ⊗e
∗
∅ for eah τ ∈ Xn. We will suppress the fator e
∗
∅ in the sequel.
Proposition 3.1. Let M = (m1, . . . , mr) be an Artinian monomial
ideal, and let R be the residue urrent assoiated with the polyhedral
ell omplex X with verties {m1, . . . , mr}. Then
(3.1) R0 =
∑
τ∈Xn
Rτ eτ ,
where
(3.2) Rτ = cτ ∂¯
[ 1
zα11
]
∧ . . . ∧ ∂¯
[ 1
zαnn
]
.
Here cτ is a onstant and (α1, . . . , αn) = ατ . If any of the entries of ατ
is 0, (3.2) should be interpreted as 0.
The proof of Proposition 3.1 is given in Setion 4.
Observe that the proposition gives a omplete desription of R0 ex-
ept for the onstants cτ . We are partiularly interested in whether
the cτ are zero or not. Indeed, note that
ann ∂¯
[ 1
zα11
]
∧ . . . ∧ ∂¯
[ 1
zαnn
]
= mατ ,
so that annRτ = m
ατ
if cτ 6= 0. Note in partiular that annRτ de-
pends only on cτ and mτ and not on the partiular verties of τ nor
the remaining faes in X . Furthermore, to annihilate R0 one has to
annihilate eah entry Rτ and therefore
annR0 =
⋂
τ∈X; cτ 6=0
m
ατ .
Now, suppose that the ellular omplex FX is exat. Then, R = R
0
,
and from Theorems 3.1 and 7.2 in [2℄ we know that
annR = M.
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Thus a neessary ondition for cτ to be nonvanishing is that M ⊂ m
ατ
.
In general though, Proposition 3.1 does not give enough information to
give a suient ondition, as will be illustrated in Example 2. Below
we will disuss two situations, however, in whih we an determine
exatly whih cτ that are nonzero.
First we will onsider generi monomial ideals. For this purpose, let
us introdue the Sarf omplex ∆M of M , whih is the olletion of
subsets I ⊂ {1, . . . , r} whose orresponding least ommon multiple mI
is unique, that is,
∆M = {I ⊂ {1, . . . , r}|mI = mI′ ⇒ I = I
′}.
One an prove that the Sarf omplex is a simpliial omplex, and that
its dimension is a most n−1. In fat, when M is Artinian,∆M is a reg-
ular triangulation of (n− 1)-simplex. For details, see for example [17℄.
In [6℄ it was proved that if M is generi, then the ellular omplex sup-
ported on ∆M gives a resolution of S/M , whih is moreover minimal.
Furthermore, if M in addition is Artinian, then
(3.3) M =
⋂
τ faet of ∆M
m
ατ ,
yields the unique irredundant irreduible deomposition of M . To be
preise, originally in [6℄, a less inlusive denition of generi ideals was
used, but the results above were extended in [18℄ to the more general
denition of generi ideals we use.
We an now dedue the following.
Proposition 3.2. Let M ⊂ S be an Artinian generi monomial ideal
and let R be the residue urrent assoiated with the polyhedral ell om-
plex X. Suppose that FX is a resolution of S/M . Then cτ in (3.2) is
non-zero if and only if τ ∈ Xn is a faet of the Sarf omplex ∆M .
Proof. Suppose that τ ∈ Xn is not a faet of ∆M . We show that
M 6⊂ mατ , whih fores cτ to be zero.
Let J be the largest subset of {1, . . . , r} suh that mJ = mτ . Then
for some j ∈ J it holds that mJ\j = mτ , as follows from the denition
of ∆M . If mj stritly divides mτ then learly mj /∈ m
ατ
and we are
done. Otherwise, it must hold for some k ∈ J \ j that mk and mj
have the same positive degree in one of the variables. Then, sine M is
generi, there is a generator mℓ that stritly divides the least ommon
multiple ofmj andmk and onsequently also stritly dividesmτ . Hene
mℓ /∈ m
ατ
.
On the other hand, sine (3.3) is irredundant, cτ has to be nonzero
whenever τ is a faet of ∆M . 
Thus, to sum up, Propositions 3.1 and 3.2 yield the following de-
sription of the residue urrent of a generi monomial ideal.
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Theorem 3.3. Let M ⊂ S be an Artinian generi monomial ideal and
let R be the residue urrent assoiated with the polyhedral ell om-
plex X. Suppose that FX is a resolution of S/M . Then
R =
∑
τ faet of ∆M
Rτ eτ ,
where ∆M is the Sarf omplex of M , Rτ is given by (3.2), and the
onstant cτ there is nonvanishing.
In partiular if we hoose X as the Sarf omplex ∆M we get that
all oeients cτ are nonzero.
Remark 1. Observe that it follows from Theorem 3.3 that X must on-
tain the Sarf omplex as a subomplex. Compare to Proposition 6.12
in [17℄. 
An immediate onsequene is the following.
Corollary 3.4. Let M ⊂ S be an Artinian generi monomial ideal
and let R be the residue urrent assoiated with the polyhedral ell om-
plex X. Suppose that FX is a resolution of S/M . Then
M =
⋂
τ∈X
annRτ
is the irredundant irreduible deomposition of M .
Another situation in whih we an determine the set of nonvanishing
onstants cτ is when FX is a minimal resolution of S/M . Indeed, in [16℄
(Theorem 5.12, see also Theorem 5.42 in [17℄) was proved a generaliza-
tion of (3.3); if M is Artinian and FX is a minimal resolution of S/M ,
then the irredundant irreduible deomposition is given by
(3.4) M =
⋂
τ faet of X
m
ατ .
Hene, from (3.4) and Proposition 3.1 we onlude that in this ase
all cτ are nonvanishing.
Theorem 3.5. Let M ⊂ S be an Artinian generi monomial ideal and
let R be the residue urrent assoiated with the polyhedral ell om-
plex X. Suppose that FX is a minimal resolution of S/M . Then
R =
∑
τ faet of X
Rτ eτ ,
where Rτ is given by (3.2) and the onstant cτ there is nonvanishing.
Finally, we should remark, that even though we an not determine
the set of non-vanishing entries of the residue urrent assoiated with an
arbitrary ell omplex, we an still estimate the number of nonvanishing
entries from below by the number of irreduible omponents of the
orresponding ideal.
10 ELIZABETH WULCAN
ar
(ai+1, bi+1)
(ai, bi)
(ai+1, bi)
b1
Figure 1. The stairase diagram of M in Example 1.
Let us now illustrate our results by some examples. First observe
that the ideal (zA) = (za = za11 · · · z
an
n |a ∈ A ⊂ N
n) in S is preisely
the set of funtions that have support in
⋃
a∈A(a+ R
n
+), where
supp
∑
a∈Zn
caz
a = {a ∈ Zn|ca 6= 0},
and thus we an represent the ideal by this set, see Figure 1. Suh pi-
tures of monomial ideals are usually referred to as stairase diagrams.
The generators {za} should be identied as the inner orners of the
stairase, whereas the outer orners orrespond to the exponents in
the irredundant irreduible deomposition.
Example 1. Let us onsider the ase when n = 2. Note that then all
monomial ideals are generi. If M is an Artinian monomial ideal, we
an write
M = (wb1, za2wb2, . . . , zar−1war−1, zar),
for some integers a2 < . . . < ar and b1 > . . . > br−1. Now ∆M is one-
dimensional and its faets are the pairs of adjaent generators in the
stairase. Moreover m{i,i+1} = z
ai+1wbi, whih orresponds preisely to
the ith outer orner of the stairase. Thus, aording to Theorem 3.3
the residue urrent R assoiated with a ellular resolution of M is of
the form
R =
r−1∑
i=1
ci ∂¯
[
1
zai+1
]
∧ ∂¯
[
1
wbi
]
e{i,i+1},
for some nonvanishing onstants ci. The annihilator of the ith entry is
the irreduible omponent (zai+1 , zbi).
Figure 1 illustrates the two dual ways of thinking of M , either as
a stairase with inner orners (ai, bi), orresponding to the generators,
or as a stairase with outer orners (ai+1, bi), orresponding to the
irreduible omponents or equivalently the annihilators of the entries
of R. 
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x
2
xy
y
2
yz
z
2
Figure 2. The Sarf omplex ∆M of the ideal M in Example 2.
Let us also give an example that illustrates how we in general fail to
determine the set of nonzero cτ when the ideal is not generi.
Example 2. Consider the non-generi ideal M = (x2, xy, y2, yz, z2) =:
(m1, . . . , m5). The Sarf omplex ∆M , depited in Figure 2, onsists
of the 2-simplex {2, 3, 4} together with the one-dimensional handle
made up from the edges {1, 2}, {1, 5} and {4, 5}. Moreover the irredun-
dant irreduible deomposition is given by M = (x, y2, z) ∩ (x2, y, z2).
Let X be the full 4-simplex with verties {1, . . . , 5} orresponding to
the Taylor resolution. It is then easily heked that for the assoiated
residue urrent, c{2,3,4} and at least one of c{1,2,5} and c{1,4,5} have to be
nonzero, whereas c{1,2,4} and c{2,4,5} an be either zero or nonzero. The
remaining cτ have to be zero sine for them M 6⊂ m
ατ
. Thus, in gen-
eral Proposition 3.1 does not provide enough information to determine
whih of the oeients cτ that vanish.
However, let instead X ′ be the polyhedral ell omplex onsisting
of the two faets {2, 3, 4} and {1, 2, 4, 5}, that is the triangle and the
quadrilateral in Figure 2. The resolution obtained from X ′, whih is in
fat the so-alled Hull resolution introdued in [5℄, is minimal. Thus,
aording to Theorem 3.5 the two entries of the assoiated residue ur-
rent, whih orrespond to the two faets of X ′ are both nonvanishing,
with annihilators (x, y2, z) and (x2, y, z2) respetively. This ould of
ourse be seen diretly sine we already knew the irredundant irre-
duible deomposition of M . 
4. Proof of Proposition 3.1
The proof of Proposition 3.1 is inspired by the proof of Theorem 3.1
in [26℄, whih in turn is inspired by [7℄ and [20℄. We will ompute R0 as
the push-forward of a urrent on a ertain tori manifold onstruted
from the ell omplex X .
Let us start by giving a desription of the urrent R0 in terms of X .
Reall from Setion 2 in [2℄ that R0n is the analyti ontinuation to λ = 0
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of ∂¯|F |2λ ∧ u0n, where F is a holomorphi funtion that vanishes at the
origin and
u0n = (∂¯σn)(∂¯σn−1) · · · (∂¯σ2)σ1.
Here
(4.1) σk =
δqk−1fk Sk
|Fk|2
,
where qk is the rank of fk, δfk is ontration with fk, Fk = (fk)
qk/qk!
and Sk = (sk)
qk/qk! is the dual setion of Fk. For details, we refer to
Setion 2 in [2℄, see also [27℄. Furthermore, sk is the setion of Ek⊗E
∗
k−1
that is dual to fk with respet to the trivial metri, that is,
sk =
∑
τ ′∈Xk
∑
faets τ ′′⊂τ ′
sgn (τ ′′, τ ′)
mτ ′
mτ ′′
eτ ′ ⊗ e
∗
τ ′′ .
Heremτ ′ just denotes the onjugate ofmτ ′. Notie that, sine σkσk−1 =
0, as follows by denition, it holds that only the terms obtained when
the ∂¯ fall in the numerator survive, and so
u0n =
∂¯(δqn−1fn Sn) · · · ∂¯(δ
q2−1
f2
S2)δ
q1−1
f1
S1
|Fn|2 · · · |F1|2
.
Observe furthermore that the numerator of the right hand side of (4.1)
is a sum of terms of the form
(4.2) vk = ±|ωk|
2mτ ′
mτ ′′
eτ ′ ⊗ e
∗
τ ′′ ,
where τ ′ ∈ Xk and τ
′′ ∈ Xk is a faet of τ
′
and
ωk =
mτ ′1 · · ·mτ ′qk−1
mτ ′′1 · · ·mτ ′′qk−1
,
where for 1 ≤ ℓ ≤ qk − 1, τ
′
ℓ ∈ Xk and τ
′′
ℓ ∈ Xk−1 is a faet of τ
′
ℓ.
The ± in front of |ωk| depends on the orientation on X . Note that the
oeients are monomials. It follows that u0n is a sum of terms of the
form
uv = u{v1,...,vn} =
(∂¯vn) · · · (∂¯v2)v1
|Fn|2 · · · |F1|2
,
where eah vk is of the form (4.2), and where
(4.3) vn · · · v1 = ±|ωn · · ·ω1|
2 mτ eτ ⊗ e
∗
∅
for some τ ∈ Xn.
Observe that eah Fk has monomial entries. By ideas originally
from [15℄ and [25℄, one an show that there exists a tori variety X
and a proper map Π˜ : X → Cn that is biholomorphi from X \
Π˜−1({z1 · · · zn = 0}) to C
n \ {z1 · · · zn = 0}, suh that loally, in a
oordinate hart U of X , it holds for all k that the pullbak of one of
the entries of Fk divides the pullbaks of all entries of Fk. In other
words we an write Π˜∗Fk = F
0
kF
′
k, where F
0
k is a monomial and F
′
k is
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nonvanishing, and analogously we have Π˜∗F = F 0F ′. The onstrution
is based on the so-alled Newton polyhedra assoiated with Fk and we
refer to [7℄ and the referenes therein for details. The mapping Π˜ is
loally in the hart U given by
Π : U → Cn
t 7→ tP ,
where P = (ρij) is a matrix with determinant ±1 and t
P
is a short-
hand notation for (tρ111 · · · t
ρn1
n , . . . , t
ρ1n
1 · · · t
ρnn
n ). Hene, the pullbak Π
∗
transforms the exponents of monomials by the linear mapping P ;
Π∗za = Π∗za11 · · · z
an
n = t
ρ1·a
1 · · · t
ρn·a
n = t
Pa,
where ρi denotes the ith row of P , so that the pullbak of a monomial
is itself a monomial.
Now, from Lemma 2.1 in [2℄ we know that F 0kΠ
∗σk is smooth in U .
However,
F 0kΠ
∗σk =
∑
j
Π∗vjk
F¯ 0k |F
′
k|
2
=
∑
α∈Nn
∑
degΠ∗vj
k
=α
Π∗vjk
F¯ 0k |F
′
k|
2
,
where vjk are just the various terms vk that appear in the numerator
of σk. Therefore learly for eah α ∈ N
n
the sum∑
degΠ∗vj
k
=α
Π∗vjk
F¯ 0k |F
′
k|
2
,
whih is just equal to Ctα/(F¯ 0k |F
′
k|
2) for some onstant C, has to be
smooth and onsequently tα/(F¯ 0k |F
′
k|
2) is smooth or C = 0. Hene, to
ompute R0 we only need to onsider terms uv, where v = (v1, . . . , vn)
is suh that Π˜∗vk/(F¯
0
k |F
′
k|
2) is smooth on X for all k. For suh a v let
us dene
(4.4) R0v := ∂¯|F |
2λ ∧ uv|λ=0 and R˜
0
v := Π˜
∗(∂¯|F |2λ ∧ uv)|λ=0.
From below it follows that R0v and R˜
0
v are well dened (globally dened)
urrents and moreover that Π˜∗R˜
0
v = R
0
v. Furthermore, it is lear that
R0 =
∑
R0v, where the sum is taken over all v. Next, observe that,
in view of (4.2), the frame element of uv is eτ ⊗ e
∗
∅, where τ ∈ Xn is
determined by vn. Hene Rτ eτ in (3.1) will be the sum of urrents R
0
v,
where v is suh that vn ontains the frame element eτ . Thus, to prove
the proposition it sues to show that R0v is of the desired form.
Let us therefore onsider R˜0v in U . Observe that
(4.5) R˜0v = ∂¯|F
0F ′|2λ ∧
Π∗((∂¯vn) · · · (∂¯v2)v1)
|F 0n · · ·F
0
1 |
2ν(t)
∣∣∣∣
λ=0
,
where ν(t) := (|F ′n| · · · |F
′
1|)
2
is nonvanishing. For further referene,
note that ν(t) only depends on |t1|, . . . , |tn|. Moreover, let us denote
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deg (F 0n · · ·F
0
1 ) ∈ N
n
by γ = (γ1, . . . , γn) and deg (ωn · · ·ω1) by β, and
reall that degmτ = ατ . By Leibniz' rule and (2.5), realling (4.3), we
see that (4.5) is equal to a sum of terms of the form a onstant times
(4.6)
∂¯
[
1
tγi−ρi·βi
]
⊗
[∏
j 6=i
|tj |
2(ρj ·β−γj)
]
∧
t¯
ρi·(ατ+β)−γi
i
∏
j 6=i t¯
ρj ·ατ−1
j
ν(t)
d̂t¯i eτ ⊗ e
∗
∅,
where ti is one of the variables whih fullls that ti divides the mono-
mials F 0 and F 0n · · ·F
0
1 , whereas t1 · · · ti−1ti+1 · · · tn divides Π
∗mτ . In
fat, it is not hard to hek that, unless the latter requirement is ful-
lled, the orresponding ontribution will vanish for symmetry reasons.
Moreover d̂t¯i is just shorthand for dt¯1 ∧ . . . ∧ dt¯i−1 ∧ dt¯1+1 ∧ . . . ∧ dt¯n.
Note that sine Π∗vk/(F
0
k |F
′
k|
2) is smooth there will be no ourrenes
of any of the oordinate funtions t¯j in the denominator, exept for
them in ν(t), and in partiular it follows that γj − ρj · β ≥ 0 when
j 6= i. Moreover, due to (2.4), (4.6) vanishes whenever there is an o-
urrene of t¯i in the numerator. Hene a neessary ondition for (4.6)
not to vanish is that
ρi · (ατ + β)− γi = 0.
We will now ompute the ation of R˜0v on the pullbak of a test form
φ = ϕ(z)dz of bidegree (n, 0). Here dz = dz1 ∧ . . . ∧ dzn. Let {Uℓ}
be the over of X that naturally omes from the onstrution of X
as desribed in the proof of Theorem 3.1 in [26℄, and let {χℓ} be a
partition of unity on X subordinate {Uℓ}. It is not hard to see that we
an hoose the partition in suh a way that the χℓ are irled, that is,
they only depend on |t1|, . . . , |tn|. Now R˜
0
v =
∑
ℓ χℓR˜
0
v. We will start by
omputing the ontribution from our xed hart U (with orresponding
uto funtion χ), where R˜0v is realized as a sum of terms (4.6).
Reall that R has support at the origin; hene it only depends on
nitely many derivatives of ϕ at the origin. Moreover we know that h¯
annihilates R if h is a holomorphi funtion whih vanishes on Z, see
Proposition 2.2 in [2℄. For that reason, to determine R0v it is enough to
onsider the ase when ϕ is a holomorphi polynomial. We an write ϕ
as a nite Taylor expansion,
ϕ =
∑
a
ϕa(0)
a!
za,
where a = (a1, . . . , an), ϕa =
∂a1
∂z
a1
1
· · · ∂
an
∂zann
ϕ and a! = a1! · · ·an!, with
pullbak to U given by
Π∗ϕ =
∑
a
ϕa(0)
a!
tPa =
∑
a
ϕa(0)
a!
tρ1·a1 · · · t
ρn·a
n .
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Moreover a omputation similar to the proof of Lemma 4.2 in [26℄ yields
Π∗dz = detP t(P−I)1 dt,
where 1 = (1, 1, . . . , 1).
Sine detP 6= 0, it follows that χR˜0v.Π
∗φ is equal to a sum of terms
of the form a onstant times∫
∂¯
[
1
tρi·ατi
]
⊗
[∏
j 6=i
|tj |
2(ρj ·β−γj)
]
∧
∏
j 6=i t¯
ρj ·ατ−1
j
ν(t)
d̂t¯i eτ ⊗ e
∗
∅ ∧
χ(t)
∑
a
ϕa(0)
a!
tPat(P−I)1dt =
∑
a
Ia ∧
ϕa(0)
a!
eτ ⊗ e
∗
∅,
where
(4.7) Ia =
∫
∂¯
[
1
t
ρi·(ατ−a−1)+1
i
]
⊗ [µa] ∧
χ(t)
ν(t)
d̂t¯i ∧ dt.
Here µa is the Laurent monomial
µa =
∏
j 6=i
t
ρj ·(β+a+1)−γj−1
j t¯
ρj ·(β+ατ )−γj−1
j .
Invoking (2.4) we evaluate the ti-integral. Sine ν and χ depend on
|t1|, . . . , |tn| it follows that
∂ℓ
∂tℓi
χ
ν(t)
|ti=0 = 0 for ℓ ≥ 1 and thus (4.7) is
equal to
(4.8) 2πi
∫
bti
χ(t)|ti=0[µa]
ν(t)|ti=0
d̂t¯i ∧ d̂ti,
if
(4.9) ρi · (ατ − a− 1) + 1 = 1,
and zero otherwise. Moreover, for symmetry reasons, (4.8) vanishes
unless
(4.10) ρj · (ατ − a− 1) = 0
for j 6= i, that is, unless µa is real.
Thus, sine P is invertible, the system of equations (4.9) and (4.10)
has the unique solution a = ατ − 1 if ατ ≥ 1. Otherwise there is no
solution, sine a has to be larger than (0, . . . , 0). With this value of a
the Laurent monomial µa is nonsingular and so the integrand of (4.8),
χ(t)|ti=0
∏
j 6=i |tj |
2(ρj ·(β+ατ )−γj−1)
ν(t)|ti=0
,
beomes integrable. Hene Ia is equal to some nite onstant if a =
ατ − 1 and zero otherwise.
Now, reall that the hart U was arbitrarily hosen. Thus adding
ontributions from all harts reveals that R0v and thus Rτ is of the
desired form (3.2), and so Proposition 3.1 follows.
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Remark 2. We should ompare Proposition 3.1 to Theorem 3.1 in [26℄.
It states that the residue urrent of Bohner-Martinelli type of an Ar-
tinian monomial ideal is a vetor with entries of the form (3.2), but it
also tells preisely whih of these entries that are non-vanishing. If we
had not ared about whether a ertain entry was zero or not we ould
have used the proof of Proposition 3.1 above. Indeed, the Koszul om-
plex, whih gives rise to residue urrents of Bohner-Martinelli type,
an be seen as the ellular omplex supported on the full (r − 1)-
dimensional simplex with labels mτ = {
∏
i∈F mi}. It is not hard to
see that the proof above goes through also with this non-onventional
labeling. 
5. General monomial ideals
If the monomial ideal M ⊂ S is of positive dimension, the ompu-
tation of the residue urrent R assoiated with a ellular resolution of
S/M gets more involved. In general R = Rp + . . . + Rµ, where Rk
has bidegree (0, k) and takes values in Hom (E0, Ek), p = odimM
and µ = min(n, r). Our strategy is to deompose R into the simpler
urrents Rp, ompare to (1.1), whih an be omputed essentially as
R = Rn in the Artinian ase following the proof of Theorem 5.2 in [26℄.
In [3℄ we introdue a lass of urrents that we all pseudomeromor-
phi. The denition is modeled on the residue urrents that appear in
various works suh as [1℄ and [20℄; basially a urrent is pseudomero-
morphi if it is the diret image of ertain simple semi-meromorphi
urrents, see [3℄ for preise statements. In partiular, all urrents in this
paper are pseudomeromorphi, and moreover, ∂¯-losed pseudomero-
morphi urrents orrespond to so-alled Cole-Herrera urrents or lo-
ally residual urrents, ompare to [10℄ or [12℄. An important property
of pseudomeromorphi urrents is that they allow for multipliation
with harateristi funtions of onstrutible sets. We use the notation
T |W for the urrent 1WT if W is a onstrutible set; indeed, multipli-
ation with 1W an be thought of as restriting to W . The urrent R
p
is then dened as R|V (p)\S
q∈AssJ,⊃p V (q)
.
As in the Artinian ase, we start by presenting a tehnial proposi-
tion. In [3℄ it is shown that Rp has the so-alled Standard Extension
Property (SEP), that is, it is equal to its own standard extension in the
sense of [10℄, whih basially means that it has no mass onentrated
to subvarieties of its support. As a onsequene Rp behaves essentially
like its omponent of lowest degree, that is, Rpℓ if odim p = ℓ. Indeed,
outside the set Zℓ+1 ∪ · · · ∪ ZN , where Zj denotes the set where the
mapping fj in (2.1) does not have optimal rank, R
p = βRpℓ , where
(5.1) β :=
∑
j≥0
(∂¯σ)j
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with (∂¯σ)0 interpreted as the identity map on E, is smooth. By argu-
ments similar to the proof of Proposition 2.2 in [3℄ one an show that
βT has a standard extension over Zℓ+1∪· · ·∪ZN for any Eℓ-valued pseu-
domeromorphi urrent T , see also [10℄. By the Buhsbaum-Eisenbud
theorem, see [13℄, odim (Zℓ+1 ∪ · · · ∪ ZN) ≥ ℓ+ 1 when (2.2) is exat,
and so, sine Rp has the SEP with respet to V (p) of odimension ℓ,
Rp is equal to the standard extension of βRpℓ .
Reall that eah assoiated prime ideal of a monomial ideal is mono-
mial and therefore generated by a subset of the variables, see for ex-
ample [22℄. For K ⊂ {1, . . . , n} let pK denote the prime ideal (zi)i∈K .
If pK of odimension ℓ is assoiated with M we have a priori that R
pK
ℓ
onsists of one entry RpKℓ,τ eτ ⊗ e
∗
∅ for eah τ ∈ Xℓ. It follows from above
that RpK =
∑
τ∈Xℓ
R(K,τ) eτ⊗e
∗
∅, where R(K,τ) is the standard extension
of βRpKℓ,τ . We will suppress fator e
∗
∅ in the sequel.
Proposition 5.1. Let M ⊂ S be a monomial ideal and let R be the
residue urrent assoiated with the polyhedral ell omplex X. Suppose
that FX is a resolution of S/M . Then
R =
∑
pK∈AssM
RpK ,
where
RpK =
∑
τ∈Xℓ
R(K,τ) eτ
if pK = (zk1, . . . , zkℓ) is of odimension ℓ. Here R(K,τ) is the standard
extension of
(5.2) β C(K,τ)(η)⊗ ∂¯
[ 1
z
αk1
k1
]
∧ . . . ∧ ∂¯
[ 1
z
αkℓ
kℓ
]
,
where β is given by (5.1), η denotes the variables zi, i /∈ K, C(K,τ)(η) is
a smooth funtion outside a set of odimension > ℓ, and (α1, . . . , αn) =
ατ . If any of the entries of αk1, . . . , αkℓ is 0, (5.2) should be interpreted
as 0.
Proof. Throughout this proof we will use the notation from the proof of
Proposition 3.1. We will start by omputing Rn|{0} = R
0
n|{0}; note that
if the maximal ideal m = (z1, . . . , zn) is assoiated with M , then this
is preisely Rmn = R
m
. Following the proof of Proposition 3.1, we have
that R0n =
∑
R0v, where R
0
v is given by (4.4). Furthermore R
0
v = Π˜∗R˜
0
v,
where R˜0v is loally a nite sum of urrents Tℓ of the form (4.6). Now,
aording the proof of Proposition 2.2 in [3℄, R0v|{0} =
∑
Π˜∗Tℓ′ where
the sum is taken over ℓ′ suh that ti in Tℓ′ divides Π
−1({0}). Moreover,
R0v|{0} is a pseudomeromorphi urrent that has support at the origin;
in partiular it follows that it is annihilated by h¯ for all holomorphi
funtions h that vanish at the origin, see Proposition 2.3 in [3℄. Hene
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the rest of the proof of Proposition 3.1 goes through and we get that
Rn|{0} is of the form (3.1), and so R
m
is of the desired form.
Now, onsider an assoiated prime pK of odimension ℓ. We want to
ompute RpKℓ , whih is equal to Rℓ|VK , where VK = V (pK) = {zk1 =
. . . = zkℓ = 0}, sine by Corollary 2.4 in [3℄ a pseudomeromorphi
urrent of bidegree (p, q) that has support on a variety of odimension
> q vanishes. Let WK denote the Zariski-open set {zi 6= 0}i/∈K . Note
that odim (Vk \Wk) = ℓ + 1. Thus, sine Rℓ is a pseudomeromorphi
urrent of bidegree (0, ℓ) we have that Rℓ|VK = Rℓ|VK |WK .
The urrent Rℓ|VK |WK an be omputed analogously to Rn|{0} above.
As in the proof of Proposition 3.1 we get that u0ℓ is a sum of terms
uv =
(∂¯vℓ) · · · (∂¯v2)v1
|Fℓ|2 · · · |F1|2
,
where vk is given by (4.2) and Fk = (fk)
qk/qk!. Denote the zi, i ∈ K by
ζ and the zi, i /∈ K by η and let φ be a test form of bidegree (n, n− ℓ)
with ompat support in WK . Then Rℓ ating on φ is the analyti
ontinuation to λ = 0 of a sum of terms
(5.3)
∫
η
∫
ζ
∂¯|F |2λ ∧ uv ∧ ϕ(ζ, η)dζ ∧ dη¯ ∧ dη,
where v fullls that Π∗vk/(F¯
0
k |F
′
k|
2) is smooth, ompare to Setion 4. It
is easily heked that (5.3) vanishes unless φ is of the form ϕ(ζ, η)dζ ∧
dη¯∧dη. We an now ompute the inner integral of (5.3) as we omputed
Rn|{0} above. Indeed, VK orresponds to the origin in the ζ-plane and
sine η is nonvanishing in WK we an regard the oeients of vk as
monomials in ζ times monomials in the parameters η. Thus we get
that the inner integral is of the form
C(η)⊗ ∂¯
[ 1
z
αk1
k1
]
∧ . . . ∧ ∂¯
[ 1
zαℓkℓ
]
∧ eτ ∧ ϕ(ζ, η)dζ,
where C is smooth. Hene summing over all uv gives that Rℓ|VK |WK ,
and onsequently also RpK , is of the desired form. Note that C(η)
extends as a distribution over WCK . 
Observe that Proposition 5.1 gives a omplete desription ofR exept
for the funtions C(K,τ). As in the Artinian ase we are partiularly
interested in whether the C(K,τ) are zero or not. Indeed, if we denote
by M(K,τ) the ideal generated by {z
αi
i ; i ∈ K, ατ = (α1, . . . , αn)}, then
ann ∂¯
[ 1
z
αk1
k1
]
∧ . . . ∧ ∂¯
[ 1
z
αkℓ
kℓ
]
= M(K,τ),
and so annR(K,τ) = M(K,τ) if C(K,τ) 6≡ 0. Note that β does not aet
the annihilator. Furthermore, to annihilate RpK one has to annihilate
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eah entry R(K,τ) and therefore
annRpK =
⋂
(K,τ); C(K,τ) 6≡0
M(K,τ).
Thus, in light of (1.2), a neessary ondition for C(K,τ) to be not iden-
tially zero is that M ⊂M(K,τ) and as in the Artinian ase it turns out
that we an determine preisely for whih pairs (K, τ) this happens if
M is generi.
To this end we need to reall from [6℄ how one an nd the ir-
redundant irreduible deomposition of a generi monomial ideal M
from the Sarf omplex of a ertain assoiated ideal. When M is Ar-
tinian all irreduible omponents in the deomposition are of ourse
m-primary and we saw above, in Setion 3, that they orrespond to
faets of the Sarf omplex ∆M . The idea is now that adding to M
a set of ghost generators {zDi }, where D is some integer larger than
the degree of any generator mi, enables us to identify a pK-primary
omponent (zαkk )k∈K in the irreduible deomposition of M with the
m-primary irreduible ideal generated by {zαkk }k∈K ∪ {z
D
i }i/∈K whih
in turn orresponds to a faet of the Sarf omplex of the Artinian
ideal M∗ := (m1, . . . , mr, z
D
1 , . . . , z
D
n ). More preisely, for eah sub-
set J of the underlying vertex set {1, . . . , r, 1
ghost
, . . . , n
ghost
} with la-
bels {m1, . . . , mr, z
D
1 , . . . , z
D
n } let MJ be the irreduible ideal generated
by {zαii , αi = deg zi(mJ), αi < D}. Now Theorem 3.7 in [6℄ states
that the irredundant irreduible deomposition of a generi mono-
mial ideal M is given as the intersetion of the irreduible ideals MJ ,
where J runs over all faets of ∆M∗ . To be able to use this result
let us observe that J ⊂ {1, . . . , r, 1
ghost
, . . . , n
ghost
} an be identied
with a pair (K, τ) above, by letting K be determined by the set of
ghost verties and τ by the remaining verties. Indeed, given J , let
K = {i ∈ {1, . . . , n}; i
ghost
/∈ J} and τ = {i ∈ {1, . . . , r}; i ∈ J}. With
this identiation the ideals MJ and M(K,τ) oinide.
We have the following generalization of Proposition 3.2.
Proposition 5.2. Let M ⊂ S be a generi monomial ideal and let R
be the residue urrent assoiated with the polyhedral ell omplex X.
Suppose that FX is a resolution of S/M . Then C(K,τ) 6≡ 0 if and only
if (K, τ) is a faet of the Sarf omplex ∆M∗.
Proof. Observe thatM∗ is generi. Thus, if (K, τ) is not a faet of∆M∗ ,
then there is a (minimal) generator m′ of M∗ suh that m′ stritly
divides m(K,τ), so that m
′ /∈ mα(K,τ) , as we showed in the proof of
Proposition 3.2. In partiular, m′ /∈ M(K,τ), sine learly M(K,τ) ⊂
m
α(K,τ)
. Moreover m′ has to be in M . Indeed, it is easy to see that
m′ an not possibly be any of the generators zDi of M
∗
. Sine D is
hosen to be larger than the degree of any minimal generator of M ,
the degree of any of the variables in m(K,τ) an not exeed D, and so
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m′ that stritly divides m(K,τ) an not have degree D in any variable.
Hene, if (K, τ) is not a faet of ∆M∗ , then M 6⊆ M(K,τ) and so C(K,τ)
has to be 0.
On the other hand, sine (3.3) is irredundant, C(K,τ) has to be not
identially equal to zero whenever (K, τ) is a faet of ∆M∗ . 
To onlude, Propositions 5.1 and 5.2 give the following desription
of the residue urrent assoiated with a ellular resolution of a generi
ideal, generalizing Theorem 3.3.
Theorem 5.3. Let M ⊂ S be a generi monomial ideal and let R
be the residue urrent assoiated with the polyhedral ell omplex X.
Suppose that FX is a resolution of S/M . Then
(5.4) R =
∑
(K,τ) faet of ∆M∗
R(K,τ) eτ ,
where R(K,τ) is given by (5.2) and C(K,τ) there is not identially equal
to zero.
Note that (5.4) is a renement of the deomposition (1.1), orre-
sponding to that irreduible deompositions of monomial ideals are
renements of primary deompositions. In fat, Theorem 5.4 implies
that the irredundant irreduible deomposition of a generi monomial
ideal M is reovered as
(5.5) M =
⋂
(K,τ) faet of ∆M∗
annR(K,τ);
ompare to Corollary 3.4.
As in the Artinian ase, we should remark, that even though we an
not determine the set of non-vanishing entries of the residue urrent
assoiated with an arbitrary ellular resolution, we an still estimate the
number of them from below by the number or irreduible omponents
of the orresponding ideal.
Finally, let us illustrate our results by some examples.
Example 3. Let M be the (generi) ideal
M = (z41 , z
2
1z2, z1z
2
2) =: (m1, m2, m3),
and let M∗ be the orresponding Artinian ideal obtained by adding
the ghost verties zD1 and z
D
2 (in fat, only z
D
2 omes into aount), see
Figure 3.
As in Example 1 the Sarf omplex ∆M∗ is one-dimensional and
the faets are the pairs of adjaent generators, that is τ1 = {z
4
1 , z
2
1z2},
τ2 = {z
2
1z2, z1z
2
2} and τ3 = {z1z
2
2 , z
D
2 }. Note that the assoiated prime
ideals of M are p{1} = (z1) and p{1,2} = (z1, z2), orresponding to
K = {1} and {1, 2} respetively.
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z
D
1
m1
m2
m3
z
D
2
α{1,2} = (4, 1)
α{2,3} = (2, 2)
α{3} = (1, 2)
Figure 3. The idealsM (dark grey) andM∗ (light grey)
in Example 3.
Let R be the residue urrent obtained from a ellular resolution. By
Theorem 5.3 the urrent Rp{1} is equal to a sum of terms R({1},τ) eτ ,
where the sum is taken over faets ({1}, τ) of ∆M∗ . Reall that (K, τ)
should be interpreted as the faet of ∆M∗ that has the vertex set
{zDj }j /∈K ∪ {mi}i∈τ , and thus we are looking for faets ontaining the
ghost vertex zD2 . However, there is only one suh faet, namely τ3 =
({1}, {3}). Moreover, α{3} = (1, 2), and so
Rτ3 = (∂¯σ2)C3(z2)⊗ ∂¯
[
1
z1
]
,
with annihilator equal to (z1), whih is preisely Mτ3 .
Next, Rp{1,2} =
∑
R({1,2},τ) eτ , where the sum now is taken over faets
of ∆M∗ that ontain no ghost verties. There are two suh faets, τ1 =
({1, 2}, {1, 2}) and τ2 = ({1, 2}, {2, 3}), with orresponding urrents
Rτ1 = C1 ∂¯
[
1
z41
]
∧ ∂¯
[
1
z2
]
and Rτ2 = C2 ∂¯
[
1
z21
]
∧ ∂¯
[
1
z22
]
.
The annihilators are (z41 , z2) = Mτ1 and (z
2
1 , z
2
2) = Mτ2 , respetively.
Hene, aording to (5.5), the irredundant irreduible deomposition is
given by
M = (z1) ∩ (z
4
1 , z2) ∩ (z
2
1 , z
2
2),
whih ould of ourse be seen diretly. 
Example 4. In [2℄ residue urrents were used to obtain the following ver-
sion of the Ehrenpreis-Palamodov fundamental priniple: any smooth
solution to the system of equations
(5.6) η(i∂/∂t) · ξ(t) = 0, η ∈ J ⊂ S
on a smoothly bounded onvex set in Rn an be written
ξ(t) =
∫
Cn
∑
k
RTℓ (z)Aℓ(z)e
−i〈t,z〉,
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for appropriate expliitly given vetors Aℓ of smooth funtions. Here
RTℓ are the (the transpose of) the omponents of the residue urrent
assoiated with J . Conversely, any ξ(t) given in this way is a homoge-
neous solution sine J = annR.
Suppose that J is a generi monomial ideal. Then, aording to
Theorem 5.3, the solutions to (5.6) are of the form
(5.7)
ξ(t) =
∑
(K,τ) faet of ∆M∗
∫
Cn
∂¯
[ 1
z
αk1
k1
]
∧ . . . ∧ ∂¯
[ 1
z
αkℓ
kℓ
]
∧ A(K,τ)(z)e
−i〈t,z〉,
where A(K,τ) is smooth outside a set of odimension> |K| and (α1, . . . , αn) =
ατ . Now, the term in (5.7) indexed by (K, τ) is a polynomial in {zi}i∈K
of multidegree stritly smaller than ατ times a quite arbitrary funtion
in {zi}i/∈K . It is easily heked diretly that the general solution is a
superposition of suh funtions, ompare to for example Chapter 10.4
in [21℄. 
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